Degeneration of Kahler-Einstein manifolds of negative scalar curvature by Song, Jian
ar
X
iv
:1
70
6.
01
51
8v
1 
 [m
ath
.D
G]
  5
 Ju
n 2
01
7
DEGENERATION OF KA¨HLER-EINSTEIN MANIFOLDS OF
NEGATIVE SCALAR CURVATURE
JIAN SONG
Abstract. Let pi : X ∗ → B∗ be an algebraic family of compact Ka¨hler manifolds of
complex dimension n with negative first Chern class over a punctured disc B∗ ∈ C. Let
gt be the unique Ka¨hler-Einstein metric on Xt = pi−1(t). We show that as t→ 0, (Xt, gt)
converges in pointed Gromov-Hausdorff topology to a unique finite disjoint union of
complete metric length spaces
∐A
α=1
(Yα, dα) with
∑A
α=1
Vol(Yα, dα) = Vol(Xt, gt). Each
(Yα, dα) is a smooth open Ka¨hler-Einstein manifold of complex dimension n outside its
closed singular set of Hausdorff dimension no greater than 2n−4. Furthermore,∐A
α=1
Yα
is a quasi-projective variety isomorphic to X0 \ LCS(X0), where X0 is a projective semi-
log canonical model and LCS(X0) is the non-log terminal locus of X0. This is the first
step of our approach toward compactification of the analytic geometric moduli space of
Ka¨hler-Einstein manifolds of negative scalar curvature.
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1. Introduction
The geometric and algebraic moduli space of compact Einstein manifolds is a fun-
damental problem in both differential geometry and algebraic geometry. Any compact
Riemann surface is equipped with a unique metric of constant curvature in its conformal
class. Fixing a Riemann surfaceM with genus greater than one, the moduli space of com-
plex structures on M admits a unique Deligne-Mumford compactification [17] by adding
Riemann surfaces with possible nodes on the boundary of the moduli. In particular, such
Riemann surfaces admit a unique constant curvature metric with complete ends at the
nodal points. In higher dimensions, one considers the Einstein manifolds (M, g) with
Ric(g) = λg, λ = 1, 0,−1
instead of spaces of constant curvature.
In dimension 4, there are many deep results on the compactness of Einstein manifolds.
In fact, it is proved in [30, 2, 45, 3] that any sequence of (Mi, gi) with uniform volume
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lower bound, diameter upper bound and L2-curvature bound will converge to a compact
Einstein orbifold, after passing to a subsequence. In the Ka¨hler case, the compactness
result holds when λ = 0 with uniform volume upper and lower bounds, and when λ = 1
without any assumption.
In higher dimension, very little is known about the compactness of the moduli of gen-
eral Einstein manifolds. In the case of compact Ka¨hler-Einstein manifolds, there have
been many exciting breakthroughs. The partial C0-estimates, proposed by Tian and
established in [45, 18], are the fundamental tool to study analytic and geometric degen-
eration of Ka¨hler-Einstein metrics. Any sequence of Ka¨hler-Einstein manifolds (Mi, gi)
with Ric(gi) = λgi and λ = 1 must converge in Gromov-Hausdorff topology, after passing
to a subsequence, to a singular Kahelr-Einstein metric space homeomorphic to a pro-
jective variety with log terminal singularities ([18]). Such Ka¨hler-Einstein manifolds of
positive scalar curvature, the volume must be an integer and the diameter must uni-
formly bounded above. Therefore, one immediately obtains uniform non-collapsing con-
ditions for all (Mi, gi) at each point, from the volume comparison theorem. The partial
C0-estimate can be then applied to understand the algebraic structures of the limiting
Ka¨hler-Einstein metric spaces by developing a connection between the analytic and geo-
metric Ka¨hler-Einstein metrics and the algebraic Bergman metrics. This approach is also
used to prove the fundamental relationship between existence of Ka¨hler-Einstein metrics
and K-stablity on Fano manifolds (c.f. [11, 12, 13, 47] ).
However, when λ = −1, as one sees in the case of Riemann surfaces of high genus, the
Einstein metrics can collapse at the complete ends. Such complete ends correspond to the
nodes from algebraic degeneration of high genus Riemann surfaces. The major result in
real dimension 4 is due to Cheeger-Tian [10], much later than the case of positive scalar
curvature. They apply the chopping techniques [9] in the collapsing theory and a refined ǫ-
regularity theorem for 4-folds to establish a non-collapsing result for Einstein 4-manifolds
with uniformly bounded L2-curvature. In particular, let (M,Ji, gi) be a sequence of
Ka¨hler-Einstein surfaces on a smooth manifold M of real dimension 4, complex structure
Ji and Ric(gi) = −gi. Then it is proved in [10] that (M,Ji, gi) converge in pointed
Gromov-Hausdorff topology, after passing to a subsequence, to a finite disjoint union of
complete orbifold Ka¨hler-Einstein surfaces without loss of total volume.
In this paper, we aim to establish the first step towards the compactness of the space
of Ka¨hler-Einstein manifolds of negative scalar in all dimensions. We will consider any
algebraic family
π : X ∗ → B∗
over a punctured disc B∗ = B\{0} in C such that Xt = π−1(t) is an n-dimensional Ka¨hler
manifold with c1(Xt) < 0. Since c1(Xt) < 0, or equivalently, the canonical bundle of Xt is
ample, there exists a unique Ka¨hler-Einstein metric gt on Xt satisfying
(1.1) Ric(gt) = −gt.
A natural question is how (Xt, gt) behaves as t→ 0.
The first result was achieved in [44], where Tian considers a very special family π :
X → B over a disc B in C satisfying the following
(1) Xt is an n-dimensional Ka¨hler manifold with c1(Xt) < 0 for each t ∈ B∗.
(2) The total space X is smooth.
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(3) The central fibre X0 = ∪Aα=1Xα is reduced and has only normal crossing singu-
larities. In particular, each irreducible component Xα of X0 is a smooth Ka¨hler
manifold.
(4) Any three of the components of X0 have empty intersection.
It is shown in [44] that (Xt, gt) must converge smoothly to a disjoint union of complete
Ka¨hler-Einstein manifolds
∐A
α=1(Yα, gα) as t→ 0. In particular, Yα = Xα \ S, where S is
the locus of the normal crossing singularities of X0. Tian’s result was generalized slightly
in [28, 32, 33], in particular, condition (4) is removed. However, the assumptions (2)
and (3) are too strong. The recent development in algebraic moduli spaces of canonical
models shows that in general, the total space has canonical singularities and the central
fibre X0 has semi-log canonical singularities.
Therefore, we will consider the following degeneration of Ka¨hler manifolds of negative
first Chern class, i.e., smooth canonical models, in the language of birational geometry.
Definition 1.1. A holomorphic degeneration family π : X → B over a disc B ⊂ C is
said to be a stable degeneration if the following hold.
(1) The total space X has canonical singularities.
(2) π is a flat projective morphism.
(3) the fibre Xt is a smooth canonical model with dimCXt = n for each t ∈ B∗, i.e.,
c1(Xt) < 0.
(4) The relative canonical sheaf KX/B is a π-ample Q-line bundle.
(5) The central fibre X0 is a semi-log canonical model.
The definition of a semi-log canonical models of general type and its non-log terminal
locus LCS is given in Section 2 (c.f. Definition 2.2 ). Roughly speaking, a semi-log canon-
ical model of general type is a projective variety whose codimensional one singularities
are ordinary nodes, and its canonical divisor is an ample Q-Cartier divisor. The non-log
terminal locus is where the adapted volume measure is not locally integrable.
Before we state the compactness for (Xt, gt) as t→ 0 of a stable degeneration of smooth
canonical models of general type, we first construct a canonical Ka¨hler-Einstein current
on any semi-log canonical models of general type.
Theorem 1.1. Let X be a semi-log canonical model with dimCX = n. There exists a
unique Ka¨hler current ωKE ∈ −c1(X) such that
(1) ωKE is smooth on RX , the nonsingular part of X, and it satisfies the Ka¨hler-
Einstein equation on RX
Ric(ωKE) = −ωKE.
(2) ωKE has bounded local potentials on the quasi-projective variety X\LCS(X), where
LCS(X) is the non-log terminal locus of X. More precisely, let
Φ : X → CPN
be a projective embedding of X by a pluricanonical system H0(X,mKX) for some
m ∈ Z+ and let χ = 1
m
ωFS|X , where ωFS is the Fubini-Study metric on CPN .
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Then ωKE = χ+
√−1∂∂ϕKE for some ϕKE ∈ PSH(X,χ) such that
ϕ ∈ L∞loc(X \ LCS(X)), ϕ→ −∞ near LCS(X).
(3) The Monge-Ampe`re mass ωnKE does not charge mass on the singularities of X and∫
X
ωnKE = [KX ]
n.
The Ka¨hler-Einstein currents on semi-log canonical models are first constructed in
[5] using a variational method and they coincide with the Ka¨hler-Einstein currents con-
structed in Theorem 1.1 by the uniqueness. The estimates on local boundedness of the
Ka¨hler-Einstein potentials in [5] are not sufficient to study the Riemannian geometric
degeneration for a stable degeneration of smooth canonical models. Our approach is to
combine the fundamental results [26, 20, 50] and the maximum principle with suitable
barrier functions. This helps us to obtain local L∞-estimates of local potentials away
from the non-log terminal locus of X . In fact, it is shown in Section 3 that ϕKE is milder
than any log poles.
We are now ready to state the following holomorphic compactness for the space of
Ka¨hler-Einstein manifolds with negative scalar curvature.
Theorem 1.2. Let π : X → B be a stable degeneration of smooth canonical models of
complex dimension n over a disc B ⊂ C. Suppose the central fibre π−1(0) is given by
X0 =
⋃A
α=1Xα, where {Xα}α are the irreducible components of X0. Let gt be the unique
Ka¨hler-Einstein metric on Xt for t ∈ B∗ with
Ric(gt) = −gt.
Then the following conclusions hold as t→ 0.
(1) There exist points (p1t , p
2
t , ..., p
A
t ) ∈ Xt×Xt×...×Xt such that (Xt, gt, p1t , ..., pAt ) con-
verge in pointed Gromov-Hausdoff topology to a finite disjoint union of complete
Ka¨hler-Einstein metric spaces
Y =
A∐
α=1
(Yα, dα, yα).
(2) Let RYα be the regular part of the metric space (Yα, dα) for each α. Then (RYα, dα)
is a smooth Ka¨hler-Einstein manifold of complex dimension n and the singular set
Sα = Yα \ RYα is closed and has Hausdorff dimension no greater than 2n− 4.
(3)
∐A
α=1 Yα is homeomophic to X0 \LCS(X0), where LCS(X0) is the non-log terminal
locus of X0.
∐A
α=1RYα is biholomorphic to the nonsingular part of X0.
(4)
∑A
α=1Vol(Yα, dα) = Vol(Xt, gt) for all t ∈ B∗, where Vol(Yα, dα) is the Hausdorff
measure of (Yα, dα).
In particular, the Ka¨hler-Einstein metric induced by dY on
⋃A
α=1RYα coincides with the
unique Ka¨hler-Einstein current on X0 in Theorem 1.1.
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Let us say a few words about the proof. In order to prove Theorem 1.2, we first have to
achieve a uniform non-collapsing condition for (Xt, gt), more precisely, we want to show
that there exists c > 0 and pt ∈ Xt for all t ∈ B∗ such that
V olgt(Bgt(pt, 1) > c, for all t ∈ B∗.
Without such a condition, the Cheeger-Colding theory cannot be applied. Such a non-
collapsing condition is achieved by uniform analytic estimates using the algebraic semi-
stable reduction.With the noncollapsing condition, the partial C0-estimates will naturally
hold by the fundamental work in [45, 18] (also [46] with an alternative approach). One
of the difficult issues in the stable degeneration is that, the diameter will in general tend
to ∞ and there must be collapsing at the complete ends in the limiting metric space.
We will have to estimate the distance near the singular locus of X0. It turns out that
the general principle for geometric Ka¨hler currents applies, i.e., boundedness of the local
potential is equivalent to boundedness of distance to a fixed regular base point. Such a
principle is achieved by building a local Schwarz lemma with suitable auxiliary Ka¨hler-
Einstein currents and the L∞-estimates for degenerate complex Monge-Ampe`re equations
from the capacity theory [26, 20, 50].
The recent progress in birational geometry enables the KSBA compatification of canon-
ical models, where the boundary points are semi-log canonical models. Then Theorem
1.2 also shows that the Ka¨hler-Einstein current on smoothable semi-log canonical models,
or boundary points of the moduli of smooth canonical models, are indeed Riemannian
geometric with good behaviors near singularities. The work of Hacon-Xu [23] shows that
given any algebraic family of smooth canonical models X ∗ over a punctured disc B∗ ⊂ C,
after a base change for B∗, one can uniquely fill in a central fibre X0 such that X0 is a
semi-log canonical model and the total space X has only canonical singularities. There-
fore, by assuming the results in birational geometry, we can remove the assumption on
the stable degeneration in Theorem 1.2 and obtain a general holomorphic compactness
result for Ka¨hler-Einstein manifolds of negative scalar curvature.
Theorem 1.3. Let π : X ∗ → B∗ be an algebraic family of compact Ka¨hler manifolds
of complex dimension n over a punctured disc B∗ ⊂ C. Suppose c1(Xt) < 0 for each
Xt = π−1(t), t ∈ B∗. Let gt be the unique Ka¨hler-Einstein metric on Xt with
Ric(gt) = −gt.
Then the following holds as t→ 0.
(1) (Xt, gt) converges in pointed Gromov-Hausdoff topology to a finite disjoint union
of complete Ka¨hler-Einstein metric spaces
Y =
A∐
α=1
(Yα, dα).
(2) Let RYα be the regular part of (Yα, dα) for each α. Then (RYα, dα) is a smooth
Ka¨hler-Einstein manifold of complex dimension n and the singular set Sα = Yα \
RYα is closed and has Hausdorff dimension no greater than 2n− 4.
(3) There exists a unique projective variety X0 with semi-log canonical singularities
and an ample Q-Cartier canonical divisor KX0 such that
∐A
α=1 Yα is homeomophic
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to X0\LCS(X0), where LCS(X0) is the non-log terminal locus of X0. In particular,∐A
α=1RYα is biholomorphic to the nonsingular part of X0.
(4)
∑A
α=1Vol(Yα, dα) = Vol(Xt, gt) for each t ∈ B∗.
We believe that Theorem 1.3 will be crucial to establish a general compactness for
the space of Ka¨hler-Einstein manifolds with negative scalar curvature. Certainly, at this
moment, we will have to assume the algebraic KSBA compatification of the moduli space
of canonical models and turn the weak semi-stable reduction over higher dimensional
base into suitable analytic and geometric estimates. It is also possible one can directly
prove Theorem 1.3 without using the algebraic results of [23]. If so, one might use the
compactness for holomorphic families of Ka¨hler-Einstein manifolds to construct algebraic
fill-in and use such an analytic approach to study the algebraic moduli problems.
There have been many results for the study of canonical Ka¨hler metrics on projective
varieties of non-negative Kodaira dimension using the Ka¨hler-Ricci flow or deformation
of Ka¨hler metrics of Einstein type [37, 38, 35, 21]. Such deformation with both analytic
and geometric estimates can also have applications in algebraic geometry, for example, an
analytic proof of Kawamata’s base point free theorem for minimal models of general type
is obtained in [36]. More generally, the Ka¨hler-Ricci flow is closely related to the minimal
model program and the formation of finite time singularities is an analytic geometric
transition of solitons for birational flips. A detailed program is laid out in [39] with
partial geometric results obtained in [41, 42, 43, 34].
Theorem 1.2 is a major improvement of Theorem 1.5 in [35]. This paper will be
incorporated and replace Section 5 in [35].
The organization of this article is as follows. A quick review is given in Section 2 for
algebraic singularities and degenerations of canonical models. In Section 3, we prove
Theorem 1.1 by establishing the existence and uniqueness of canonical Ka¨hler-Einstein
currents on semi-log canonical models with effective analytic estimates. In Section 4,
we derive various analytic estimates for the family of Ka¨hler-Einstein metrics with a
stable degeneration. In particular, we prove a uniform noncollapsing result. In Section
5, we will apply the Cheeger-Colding theory for the Riemannian degeneration of Ka¨hler-
Einstein manifolds and establish local partial C0-estimates. In Section 5, we prove the
distance estimates and establish the principle that bounded local potential is equivalent
to bounded local distance. In Section 6, we combine all the previous results and prove
Theorem 1.2.
2. Semi-log canonical models and stable families of canonical models
In this section, we will have a quick review of semi-log canonical models and the alge-
braic degeneration of canonical models of general type. First, let us recall the definition
for log canonical singularities of a projective variety.
Definition 2.1. Let X be a normal projective variety such that KX is a Q-Cartier di-
visor. Let π : Y → X be a log resolution and {Ei}pi=1 the irreducible components of the
exceptional locus Exc(π) of π. There there exists a unique collection ai ∈ Q such that
KY = π
∗KX +
p∑
i=1
aiEi.
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Then X is said to have
• terminal singularities if ai > 0, for all i.
• canonical singularities if ai ≥ 0, for all i.
• log terminal singularities if ai > −1, for all i.
• log canonical singularities if ai ≥ −1, for all i.
A projective normal variety X is said to be a canonical model of general type if X has
canonical singularities and KX is ample.
Smooth canonical models are simply Ka¨hler manifolds of negative first Chern class.
There always exists a unique Ka¨hler-Einstein metric on smooth canonical models [4, 48].
The notion of semi-log canonical models is crucial in the degeneration of smooth canonical
models (c.f. [25, 27]).
Definition 2.2. A reduced projective variety X is said to be a semi-log canonical model
if
(1) KX is an ample Q-Cartier divisor,
(2) X has only ordinary nodes in codimension 1,
(3) For any log resolution π : Y → X,
KY = π
∗KX +
I∑
i=1
aiEi −
J∑
j=1
Fj,
where Ei and Fj, the irreducible components of exceptional divisors, are smooth
divisors of normal crossings with ai > −1.
We denote the algebraic closed set LCS(X) = Supp
(
π
(⋃J
j=1 Fj
))
in X to be the locus
of non-log terminal singularities of X. We also let RX be the nonsingular part of X and
SX the singular set of X.
We always require X is Q-Gorenstein and satisfies Serre’s S2 condition. We refer such
algebraic notions to [27]. The non-log terminal locus is the set of singular points of X
with their discrepancy equal to −1. Analytically, such locus is the set of points near
which the adapted volume measure is locally not integrable.
In general, X is not normal. We first let ν : Xν → X be the normalization of X and
KXν = ν
∗KX − cond(ν),
where cond(ν) is a reduced effective divisor and is called the conductor. In fact, cond(ν)
is the inverse image of codimensional 1 ordinary nodes. KXν + cond(ν) is a big and semi-
ample divisor on Xν and so the pair (Xν , KXν + cond(ν)) has log canonical singularities.
Let πν : Y → Xν be a log resolution. Then π = ν ◦ πν : Y → X is also a log resolution
and
KY = π
∗KX +
∑
aiEi −
∑
Fj , ai > −1,
where Ei, Fj are the exceptional prime divisors of π. In other words, the normalization
(Xν) of X gives rise to a log canonical pair (Xν, cond(ν)). In particular, if one aims
to construct a Ka¨hler-Einstien metric gKE on X , gKE can be pull backed to a suitable
Ka¨hler current on Xν in the class of KXν + cond(ν).
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We now consider the following algebraic degeneration of Ka¨hler manifolds with negative
first Chern class.
Definition 2.3. A flat projective morphism π : X → B over a smooth Riemann surface
B is called a stable degeneration of smooth canonical models if it satisfies the following
conditions.
(1) X is a normal projective variety with canonical singularities,
(2) KX is an π-ample Q-Cartier divisor,
(3) Xt = π−1(t) is a smooth canonical model of complex dimension n, for t 6= 0,
(4) X0 = π−1(0) is a semi-log canonical model.
The analysis for Ka¨hler-Einstien metrics on singular varieties is usually carried out on
the nonsingular model, for example, the log resolution of the original variety. Therefore
we would like to have a good nonsingular model for the stable degeneration π : X → B so
that X will be nonsingular and the central fibre is a reduced divisor of smooth components
with normal crossings. The following resolution of singularities for families over a Riemann
surface is called the semi-stable reduction, proved in [24].
Theorem 2.1. Let π : X → B be a morphism from X onto a Riemann surface B.
Suppose 0 ∈ B and π : X \ π−1(0) → B \ {0} is smooth. Then there exists a finite base
change f : B′ → B and a blow-up morphism Ψ : X ′ → X ×B B′
(2.2)
X ′ X ×B B′ X
B′ B
❅
❅
❅
❅
❅❘
π′
✲Ψ ✲f
′
❄ ❄
π
✲f
such that the induced morphism π′ : X ′ → B′ is semi-stable, i.e.,
(1) X ′ is nonsingular,
(2) (π′)−1(0) is a reduced divisor with nonsingular components of normal crossings.
In this paper, we will always assume B is a unit disc in C and let t be the Euclidean
holomorphic coordinate on B. The special fibre is given by π−1(0). We can calculate the
relations of the canonical divisors in the case that π : X → B is a stable degeneration of
smooth canonical models. We assume that the base change f is given by t = f(t′) = (t′)d
for some d ∈ Z+.
Let Ψ′ : X ′ → X be the morphism of the semi-stable reduction induced by Ψ and f .
Since X has canonical singularities, X ′ also has canonical singularities. The base change
has ramification along the central fibre of degree d− 1 and so we have
KX×BB′ = (f
′)∗KX + (d− 1)X ′0,
where X ′0 is the strict transform of X0. Therefore
KX ′ = (Ψ
′)∗KX + (d− 1)X ′0 +
∑
ajEj
where X ′0 = (π′)−1(0) and Ej are nonsingular components of the exceptional divisor with
aj ≥ 0.
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The following adapted volume measure is introduced in [20] to study the complex
Monge-Ampe`re equations on singular projective varieties.
Definition 2.4. Let Y be a projective variety of normal singularities with a Q-Cartier
canonical divisor KY . Ω is said to be an adapted measure on Y if for any z ∈ Y , there
exists an open neighborhood U of z such that
Ω = fU(α ∧ α) 1m ,
where fU is the restriction of a smooth positive function on the ambient space of a projec-
tive embedding U and α is a local generator of the Cartier divisor mKY on U for some
m ∈ Z+.
The adapted volume measure can also be defined for semi-log canonical models via
pluricanonical embeddings. However, such volume measures are not locally integrable
near the non-log terminal locus.
Lemma 2.1. Let π : X → B be a stable degeneration of smooth canonical models and
π′ : X ′ → B′ be a semi-stable reduction as in Theorem 2.1. If σ is a holomorphic section
of mKX/B for some m ∈ Z+ and t′ is holomorphic coordinate of B′, then dt′ ∧ dt′ ∧
(Ψ′)∗
(
(σ ∧ σ)1/m) is a smooth nonnegative real (2n + 2)-form on X ′.
Proof. By definition of relative canonical bundle, dt ∧ dt ∧ (σ ∧ σ)1/m defines a smooth
volume form on the regular part RX of X , and for any adapted volume form Ω on X
sup
RX
dt ∧ dt ∧ (σ ∧ σ)1/m
Ω
<∞.
We consider the pullback of the relative volume form (Ψ′)∗ (σ ∧ σ)1/m). Let Ω′ be a
smooth volume form on X ′. Then we have
dt′ ∧ dt′ ∧ (Ψ′)∗ ((σ ∧ σ)1/m)
Ω′
=
(
(Ψ′)∗Ω
d2|t′|2(d−1)Ω′
)
(Ψ′)∗
(
dt ∧ dt ∧ (σ ∧ σ)1/m
Ω
)
.
Since the volume measure (Ψ′)∗Ω on X ′ vanishes along X ′0 of order at least 2(d − 1),
therefore dt ∧ dt′ ∧ (Ψ′)∗ ((σ ∧ σ)1/m) is a smooth nonnegative real 2n+ 2-form on X ′.

The following theorem is due to Hacon and Xu [23]. It establishes the unique compact-
ification of an algebraic family of smooth canonical models over a punctured disc B∗ in
C. In the particular, the unique fill-in for the central fibre, possibly after a base change,
is a semi-log canonical model.
Theorem 2.2. Let π : X ∗ → B∗ be an algebraic family of smooth canonical models over
a punctured dicc B∗ = B \ {0} ⊂ C. Then after a possible base change f : B′ → B, there
exists a unique π′ : X ′ → B′ as an extension of X ∗ ×B∗ (B′)∗ → (B′)∗ such that X ′ has
canonical singularities and the central fibre X ′0 = (π′)−1(0) is a semi-log canonical model.
Theorem 1.3 will immediately follow from Theorem 1.2 if we apply the algebraic result
of Theorem 2.2.
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3. Ka¨hler-Einstein currents on semi-log canonical models
In this section, we will construct unique Ka¨hler-Einstein currents on semi-log canonical
models. Such canonical currents are already constructed in [5] by a variational method.
We give a different approach by combining the work of [26, 20, 50] and the maximum
principle to establish L∞-estimate for the local potentials of such Ka¨hler-Einstein currents
away from LCS, the non-log terminal locus. Such estimates are particularly important to
study the geometric degeneration of smooth canonical models and to establish Riemann-
ian geometric properties of such analytically constructed Ka¨hler-Einstein currents.
Let X be a semi-log canonical model of with dimCX = n. We follow the standard
scheme for the construction of Ka¨hler-Einstein currents by reducing the Ka¨hler-Einstein
equation on X to a complex Monge-Ampe`re equation on the nonsingular model of X .
The first technical preparation is to construct good barrier functions for estimates of
local potentials. Such construction relies on a suitable choice of complex hypersurfaces
in X .
Lemma 3.1. For any point p ∈ X \ LCS(X), there exists an effective Q-divisor Gp such
that Gp is numerically equivalent to KX and
p /∈ Gp, LCS(X) ⊂ Gp.
Proof. Since X is projective, we can choose an effective ample Q-divisor G1 such that
p /∈ G1. We let σ1 be the defining section of m1G1 for some m1 ∈ Z+ so that m1G1 is
Cartier. Since G1 is ample, X1 = X \ G1 is an affine variety in CN for some large N .
Hence we can pick a polynomial f on CN such that f(p) 6= 0 and f vanishes on the affine
variety LCS(X) ∩ X1. The restriction of f to X is a meromorphic function with poles
along G1. By choosing sufficiently large k ∈ Z+, σ2 = fσk1 is a holomorphic section of a
line bundle associated to the Cartier divisor G2 = km1G1 over X such that σ2 vanishes on
LCS(X) and σ2(p) 6= 0. For sufficiently large m2 ∈ Z+, m2KX − G2 is an ample Cartier
divisor. So there exist m3 ∈ Z+ and a holomorphic section σ3 ∈ H0(X,m3(m2KX −G2))
such that σ3(p) 6= 0. Finally we let mGp be the divisor of zeros of σm32 σ3 and the lemma
is proved.

For any q ∈ LCS(X), we can also find Gp1, ..., Gpk , by the construction of Gp in Lemma
3.1, such that the common zeros of Gp1, ..., Gpk in an open neighborhood U of q coincide
with LCS(X) ∩ U . Without loss of generality, we can consider the projective embedding
Φ : X → CPN by the pluricanonical system H0(X,mKX) for some sufficiently large m
defined by Φ(x) = [η0(x), ..., ηN(x)] ∈ CPN for a basis {ηj}Nj=0 of H0(X,mKX). We then
choose the adapted volume measure Ω on X by
Ω =
(
N∑
j=0
ηjηj
)1/m
.
We also define the curvature of Ω by
χ =
√−1∂∂ log Ω.
In fact, we can define hΩ =
(∑N
j=0 ηj ∧ ηj
)−1/m
as a hermtian metric on KX . Obviously,
mχ is the restriction of the Fubini-Study metric of CPN to X .
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The complex Monge-Ampe`re equation of our interest in relation to the Ka¨hler-Einstein
equation on X is given by
(3.3) (χ +
√−1∂∂ϕ)n = eϕΩ.
We have to prescribe singularities of the solution ϕ to obtain a canonical and unique
Ka¨hler-Einstein current on X . To do so, we lift all the data to a log resolution π : Y → X .
By definition of semi-log canonical singularities,
KY = π
∗KX +
∑
i
aiEi −
∑
j
bjFj , ai ≥ 0, 0 < bj ≤ 1.
We approximate equation (3.3) in the following way. We pull back all the data from X
to Y . Let σE be the defining section for E =
∑I
i=1 aiEi and σF be the defining section for
F =
∑J
j=1 bjFj (possibly multivalued). We equip the line bundles associated to E and F
with smooth hermitian metric hE , hF on Y . Let ΩY be a smooth strictly positive volume
form on Y defined by
ΩY = (|σE |2hE)−1|σF |2hFΩ.
Let θ be a fixed smooth Ka¨hler form on Y and we consider the following family of
complex Monge-Ampe`re equations on Y for s ∈ (0, 1),
(3.4) (χ+ sθ +
√−1∂∂ψs)n = eψs(|σE|2hE + s)(|σF |2hF + s)−1ΩY .
For each 0 < s < 1, by the result of [4, 48], there exists a unique smooth solution ψs
solving equation (3.4). When s = 0, equation (3.4) coincides with equation (3.3).
We introduce two more parameter δ and ǫ in order to apply the maximum principle
and consider the following family of complex Monge-Ampe`re equations
(3.5)
(
(1 + δ)χ+ sθ +
√−1∂∂ψp,s,δ,ǫ
)n
=
eψp,s,δ,ǫ(|σGp |2ǫhΩ + s)(|σE|2hE + s)
(|σF |2hF + s)
ΩY .
Here both δ and ǫ are sufficiently small and we require ǫ > 0.
Lemma 3.2. For any p ∈ X \ LCS(X) and any ǫ0 > 0, there exist δ0 > 0, C > 0 and
C ′ = C ′(p, ǫ0) > 0 such that for any −δ0 ≤ δ ≤ δ0, 0 < s < 1, and 0 < ǫ < ǫ0/2, the
solution ψp,s,δ,ǫ of equation (3.5) satisfies the following estimate on Y ,
(3.6) ǫ0 log |σGp |2hΩ − C ′ ≤ ψp,s,δ,ǫ ≤ C.
Proof. We will pick an effective Q-Cartier divisor Gp from Lemma 3.1. Since Gp is a
Q-Cartier divisor numerically equivalent to the ample divisor KX , we will choose hΩ as
the hermitian metric for Gp and we let σGp be the defining section of Gp. We first fix a
sufficiently small δ0 ≥ 3ǫ0 > 0 and consider the following family of equations on Y
(3.7)
(
(1 + δ)χ+ sθ +
√−1∂∂ψp,s,δ,ǫ0
)n
=
eψp,s,δ,ǫ0 (|σGp|2ǫ0hΩ + s)(|σE|2hE + s)
|σF |2hF + s
ΩY ,
where −δ0 ≤ δ ≤ δ0.
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Since Gp vanishes along F , there exist η = η(ǫ0) > 0 and K = K(ǫ0, δ0) > 0 such that
for all 0 < s < 1, we have∣∣∣∣∣
∣∣∣∣∣(|σGp|
2ǫ0
hΩ
+ s)(|σE |2hE + s)
|σF |2hF + s
∣∣∣∣∣
∣∣∣∣∣
L1+η(Y,ΩY )
≤ K.
Then the results of [26, 20, 50] imply that there exists C1 = C1(p, δ0, ǫ0) > 0 such that
for all 3|δ| ≤ δ0, 0 < s < 1,
||ψp,s,δ,ǫ0||L∞(Y ) ≤ C1.
Now we will compare ψp,s,δ,ǫ to ψp,s,δ′,ǫ0 by applying the maximum principle. Let
φ = ψp,s,δ,ǫ − ψp,s,δ′,ǫ0 − ǫ0 log |σGp|2hΩ.
Then φ satisfies the following equation
(3.8)(
(1 + δ′)χ+ sθ +
√−1∂∂ψp,s,δ′,ǫ0 + (δ − δ′ − ǫ0)χ+
√−1∂∂φ)n(
(1 + δ′)χ + sθ +
√−1∂∂ψp,s,δ′,ǫ0
)n = eφ
(
|σGp |2ǫhΩ + s
1 + s|σGp|−2ǫ0hΩ
)
.
We choose δ′ = −δ0 and require 0 < ǫ < ǫ0. Since φ is smooth away from the zeros of
Gp and φ tends to ∞ near zeros of Gp, we are able to apply the maximum principle to
the minimum of φ and there exists C2 > 0 such that
inf
X˜
φ ≥ −C2,
Since ψp,s,δ′,ǫ0 is bounded, there exists C3 > 0 such that for all 3δ ∈ (−δ0, δ0), 0 < s < 1
and ǫ ∈ (0, ǫ0/2),
ψp,s,δ,ǫ ≥ −C3 + ǫ0 log |σGp|2hΩ.
It is easier to obtain the upper bound of ψp,s,δ,ǫ. We consider the quantity
φ′ = ψp,s,δ,ǫ − ψp,s,δ′,ǫ0
and use similar argument by choosing δ′ = δ0.

Next, we will prove second order estimates with bounds from suitable barrier functions.
There exists an effective Cartier divisor D on Y such that for any sufficiently small s > 0,
(3.9) π∗KX − sD
is ample. In particular, we can assume that the support of D coincides with the support
of the exceptional divisor because KX is ample on X . We let σD be the defining section
of D and choose a smooth hermitian metric hD on the line bundle associated to D such
that for any sufficiently small s > 0,
(3.10) χ− sRic(hD) > 0.
Lemma 3.3. For any p ∈ X \ LCS(X), there exist λ, δ1, ǫ1 > 0 and C = C(δ1, ǫ1) > 0
such that for all −δ1 < δ < δ1, 0 < ǫ < ǫ1 and 0 < s < 1,
(3.11) sup
Y
(|σ|2hD |σGp |2hΩ))2λ (∆θψp,s,δ,ǫ) ≤ C,
where ∆θ is the Laplace operator with respect to the Ka¨hler metric θ.
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Proof. Let ω = (1 + δ)χ+ sθ +
√−1∂∂ψp,s,δ,ǫ. Then we consider the quantity
H = log trθ(ω)− A3ψp,s,δ,ǫ + A2 log |σ|2hD + A log |σGp |2hΩ
for some sufficiently large A > 0 to be determined. Straightforward calculations show
that there exists C > 0 such that for all δ ∈ (−δ1, δ1), ǫ ∈ (0, ǫ1) and 0 < s < 1,
∆ωH ≥ trω((A3(1 + δ)−A)χ−A2Ric(hD)− (C − A3s)θ − nA3
≥ Atrω(θ)− nA3.
We remark that we view χ as the pullback of the Fubini-Study metric from the projective
embedding of X and so the curvature of χ is uniformly bounded on the projective space.
Applying the maximum principle, at the minimal point xmin of H ,
trω(θ) ≤ nA2.
Using the geometric mean value inequality combined with the Monge-Ampe`re equation
(3.5), there exists C = C(A) > 0 such that
H(xmin) ≤ C −A3(ψp,s,δ,ǫ − A−1 log |σGp |2hΩ)(xmin).
for sufficiently large A > 0. By Lemma 3.2, ψp,s,δ,ǫ−A−1 log |σGp|2hΩ is bounded below for
all sufficiently small δ and 0 < ǫ << A−1. Therefore for all sufficiently small ǫ > 0 and δ,
there exists C > 0 such that on Y , we have
trθ(ω) ≤ C
(|σ|2hD |σGp|2hΩ))−2λ .
This proves the lemma.

The following lemma on local high regularity of ψp,s,δ,ǫ is established by the standard lin-
ear elliptic theory after applying Lemma 3.3 and linearizing the complex Monge-Ampe`re
equation (3.7).
Lemma 3.4. For any p ∈ X \ LCS(X), k ≥ 0 and any compact K ⊂⊂ RX \ Gp , there
exist δ2 > 0, ǫ2 > 0 and C = C(p, k,K, δ2, ǫ2) > 0 such that for any −δ2 ≤ δ ≤ δ2,
0 < ǫ ≤ ǫ2 and 0 < s < 1
||ψp,s,δ,ǫ||Ck(K) ≤ C.
Before we take δ, ǫ, s → 0, we derive a uniform estimate with respect to variations by
the parameters δ, ǫ, and t.
Lemma 3.5. For any p ∈ X \LCS(X), k ≥ 0, any compact K ⊂⊂ RX \Gp , there exist
δ3 > 0, ǫ3 > 0 and C = C(p,K, δ3, ǫ3) > 0 such that for any −δ3 ≤ δ ≤ δ3, 0 < ǫ ≤ ǫ3
and 0 < s < 1, we have
(3.12)
∣∣∣∣∂ψp,s,δ,ǫ∂δ
∣∣∣∣
L∞(K)
+
∣∣∣∣∂ψp,s,δ,ǫ∂ǫ
∣∣∣∣
L∞(K)
+
∣∣∣∣∂ψp,s,δ,ǫ∂s
∣∣∣∣
L∞(K)
≤ C.
Proof. By the implicit function theorem, the solutions of (3.7) must be smooth with
respect to the parameters δ, ǫ and s. Let f =
∂ψp,s,δ,ǫ
∂δ
. Then f ∈ C∞(Y ) and
∆p,s,δ,ǫf = −trωp,s,δ,ǫ(χ) + f,
where ∆p,s,δ,ǫ is the Laplace operator associated to the metric
ω = (1 + δ)χ+ sθ +
√−1∂∂ϕp,s,δ,ǫ.
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The function H = f − 10ψp,s,δ,ǫ + log |σGp|2hΩ satisfies the following equation
∆p,s,δ,ǫH ≥ f − 10n = H + 10ψp,s,δ,ǫ − log |σGp|2hΩ − 10n.
Then for all sufficiently small δ and ǫ > 0, H is uniformly bounded above and so f is
uniformly bounded above on any compact subset in X \ Gp. Estimates for
∣∣∣∂ψp,s,δ,ǫ∂ǫ ∣∣∣ and∣∣∣∂ψp,s,δ,ǫ∂s ∣∣∣ can be achieved similarly.

Now we are able to solve equation (3.3).
Lemma 3.6. For any p ∈ X \ LCS(X), there exists ϕ ∈ PSH(X,χ) satisfying the
following conditions.
(1) ϕ ∈ L∞loc(X \Gp)∩C∞(RX \Gp) and ϕ solves equation (3.3), where Gp is defined
in Lemma 3.1.
(2) For any ǫ > 0 and p ∈ X \ LCS(X), there exists Cp,ǫ > 0 such that
ϕ ≥ ǫ log |σGp |2hΩ − Cp,ǫ.
(3) Let ωKE = χ +
√−1∂∂ϕ. Then Ric(ωKE) = −ωKE on RX and extends to the
Ka¨hler-Einstein equation as currents to X.
(4) ϕ = −∞ on LCS(X).
(5)
∫
RX\Gp
(ωKE)
n = [KX ]
n.
(6) ϕ = lims,δ,ǫ→0ψp,s,δ,ǫ.
Proof. Since for any p ∈ X \LCS(X) and any sufficiently small δ and ǫ, we have uniform
estimates for ψp,s,δ,ǫ away from Gp, for any sequence sj , δj, ǫj → 0, we can assume ψp,sj ,δj ,ǫj
converges, after passing to a subsequence, to some
ϕ ∈ PSH(Y, χ) ∩ C∞(Y \Gp).
In particular, there exists C > 0 and for any ǫ > 0, there exists Cǫ > 0 such that
ǫ log |σGp|2hΩ − Cǫ ≤ ϕ ≤ C.
(1), (2) and (3) can be proved from the above conclusion by passing the estimates of
ψp,s,δ,ǫ to the limit ϕ. Furthermore, ϕ solves equation (3.3) on RX .
(4) can be reduced to the following statement: Suppose φ is a plurisubharmonic function
on the unit ball B ⊂ Cn such that∫
B
|z1|−2eφ(
√−1)ndz1 ∧ dz1 ∧ ... ∧ dzn ∧ dzn <∞,
then φ tends to −∞ near B ∩ {z1 = 0}. Such a statement is proved by Berndtsson (c.f.
Lemma 2.7 in [5]). ϕ is locally bounded and the fibre of π over the log terminal locus is
connected. On the other hand, ϕ tends to −∞ near π−1 (LCS(X)) in Y . Otherwise there
exists a curve C in exceptional divisor and C intersects at least one exceptional divisor
with discrepancy −1, and so ϕ must be constant on C since it is pluriharmonic with
singularities better than any log poles. This leads to contradiction and so ϕ must tend to
−∞ near π−1 (LCS(X)). Therefore the function ϕ can uniquely descend to X \LCS(X).
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(5) follows because ϕ is better than log poles along Gp and thus
√−1∂∂ϕ does not
charge any mass along the singularities of X . More precisely, we let
vǫ,K = ǫ log |σGp |2hΩ +K, Eǫ,K = {ϕ < vǫ,K}.
Then χ+
√−1∂∂vǫ,K = (1− ǫ)χ ≥ 0 on X \Gp. For any compact set U ⊂⊂ X \Gp and
ǫ > 0, one can choose sufficiently large K such that U ⊂ Eǫ,K ⊂⊂ X \Gp. By comparison
principle,∫
RX
(ωKE)
n >
∫
Eǫ,K
(χ+
√−1∂∂ϕ)n ≥
∫
Eǫ,K
(χ+
√−1∂∂vǫ,K)n ≥ (1− ǫ)
∫
U
χn.
By letting K →∞ and then ǫ→ 0, we show that∫
RX\Gp
(ωKE)
n ≥ [KX ]n.
Similarly, by comparing ϕ to uǫ,K = −ǫ log |σGp|2hΩ, we can also show that∫
RX\Gp
(ωKE)
n ≤ [KX ]n.
(6) can be proved as follows. Suppose ϕ′ ∈ PSH(Y, χ) ∩ C∞(Y \ Gp) is a sequential
limit of another sequence ψp,sj ,δj ,ǫj . Then by the estimates in Lemma 3.5, on any compact
set K ⊂⊂ X \Gp, there exists C > 0 such that for sufficiently large j > 0,
sup
K
|ψp,sj,δj ,ǫj − ψp,s′j ,δ′j ,ǫ′j | ≤ C
(|δj − δ′j|+ |ǫj − ǫ′j |+ |sj − s′j |) .
This implies that
ϕ|K = ϕ′|K
and so ϕ = ϕ′ on Y after unique extensions over Gp since both lie in PSH(Y, χ). The
above argument implies that as s, δ, ǫ → 0, the solution ψp,s,δ,ǫ converges to the unique
limit ϕ. For different p′ ∈ X \ LCS(X), we can let ǫ → 0 for equation (3.5) with ǫ = 0
because Lemma 3.5 still holds when ǫ = 0.

The solution constructed in Lemma 3.6 coincides with the Ka¨hler-Einstein current in
[5], however, the key difference is that we obtain local boundedness for ϕ near the log
terminal singular locus of X . We will also prove a uniqueness result, which is different
from the uniqueness theorem in [5] and will be crucial in Section 4.
Lemma 3.7. There exists a unique solution ϕ ∈ L∞loc(X \LCS(X))∩C∞(RX) satisfying
(1) (χ +
√−1∂∂ϕ)n = eϕΩ on RX ,
(2) there exists p ∈ X \ LCS(X) such that for any ǫ > 0, there exist C > 0 and
Cp,ǫ > 0 with the following estimate
ǫ log |σGp |2hΩ − Cp,ǫ ≤ ϕ ≤ C,
where Gp is an effective divisor as defined in Lemma 3.1.
In particular, ϕ ∈ PSH(X,χ) satisfies all the conditions in Lemma 3.6.
16 JIAN SONG
Proof. We first prove the uniqueness. Let ϕ be the Ka¨hler-Einstein potential constructed
in Lemma 3.6 as the limit of ψp,s,δ,ǫ (s, δ, ǫ → 0) for a given p ∈ X \ LCS(X). Suppose
there exists another ϕ′ satisfying the conditions in the lemma and for any ǫ > 0, there
exist C1 > 0 and C2 = C2(ǫ) > 0 such that
ǫ log |Gp′|2hΩ − C2 ≤ ϕ′ ≤ C1,
for some p′ ∈ X \ LCS(X). We would like to show that ϕ′ = ϕ.
We let
Gp,p′ =
1
2
Gp +Gp′,
Then obviously there exist C3 > 0 and C4 = C4(ǫ) > 0 such that
ǫ log |Gp,p′|2hΩ − C4 ≤ ϕ ≤ C3, ǫ log |Gp,p′|2hΩ − C4 ≤ ϕ′ ≤ C3.
We consider the quantity
φ = ψp,s,−δ,ǫ − ϕ′ + δ2 log |Gp,p′|2hΩ + δ3 log |σD|2hD ,
where σD and hD are defined in (3.9) and (3.10). Then φ satisfies the following equation
on the log resolution Y ,
(χ +
√−1∂∂ϕ′ + sθ − δ(1− δ)χ + δ3Ric(hD) +
√−1∂∂φ)n
(χ+
√−1∂∂ϕ′)n = e
φ
|Gp′|2ǫhΩ + s
|Gp,p′|2δ2hΩ |σD|2δ
3
hD
.
We pick s << δ << 1, ǫ << δ2 and apply the maximum principle to φ. There exists
C > 0 such that for all s << δ << 1, ǫ << δ2,
sup
X
φ ≤ C.
Let s, δ, ǫ→ 0. We have
ϕ ≤ ϕ′.
Similarly, we can prove ϕ ≥ ϕ′ by applying the maximum principle to
φ′ = ψp′,s,δ,ǫ − ϕ′ − δ log |σGp |2hΩ.
Therefore ϕ = ϕ′ onX\Gp,p′ and ϕ′ extends uniquely in PSH(X,χ) since ϕ ∈ PSH(X,χ).
For the existence part, we only need to verify that ϕ ∈ L∞loc(X \ LCS(X)). By the
uniqueness result we proved above, ψp,s,δ,ǫ converges to the same ϕ and such ϕ satisfies
the estimate (2) in Lemma 3.6 for all p ∈ X◦. Then (2) in the lemma is proved.

Lemma 3.7 completes the proof of Theorem 1.1. We also remark that the uniqueness
result of Lemma 3.7 does not require ϕ ∈ PSH(X,χ). We can also generalize Lemma
3.7 by adding a weight on the righthand side equation.
Lemma 3.8. For any open set U ⊂⊂ X \ LCS(X) and fixed α > 1, K1, K2 > 0, if f is
a real valued function on X satisfying
||ef ||L∞(X\U) ≤ K1,
∫
U
eαfΩ ≤ K2,
then there exists a unique solution ϕ solving
(χ+
√−1∂∂ϕ)n = eϕ+fΩ
satisfying
DEGENERATION OF KA¨HLER-EINSTEIN MANIFOLDS OF NEGATIVE SCALAR CURVATURE 17
(1) ||ϕ||L∞(U) ≤ C1 = C1(X,U,Ω, α,K1, K2).
(2) For any p ∈ X \ LCS(X) and ǫ > 0, there exist C2 = C2(X,U,Ω, α,K1, K2) > 0
and C3 = C3(X,U,Ω, α,K1, K2, ǫ, p) > 0 such that
−C3 + ǫ log |Gp|2hΩ ≤ ϕ ≤ C2.
In particular, if the pullback of f on the log resolution Y of X is smooth, ϕ ∈ C∞(RX).
The proof of Lemma 3.8 is almost identical to the proof of Lemma 3.6 and Lemma 3.7.
It suffices to lift the equation onto the nonsingular model Y of X and approximate f by
smooth functions with the same bounds for f . Lemma 3.8 is a key ingredient to derive
distance estimates in Section 6.
4. Analytic estimates for stable families of smooth canonical models
In this section, we will derive uniform estimates for Ka¨hler-Einstein metrics in a stable
degeneration of smooth canonical models.
We will use the notations in Section 2. Let π : X → B be a stable degeneration of
smooth canonical models over a disc B ⊂ C. Suppose Xt = π−1(t) is a smooth canonical
model of complex dimension n for t ∈ B∗ and the central fibre X0 is a semi-log canonical
model, where t is the Euclidean holomorphic coordinate on B. After embedding X into
CPN by pluricanonical sections η0, ..., ηN in |mKX/B| for some sufficiently large m ∈ Z+,
we let χ ∈ −c1(KX/B) be a smooth Ka¨hler form on X induced from the projecting
embedding, i.e.,
χ =
1
m
√−1∂∂ log
(
N∑
j=0
|ηj|2
)
.
Then χt = χ|Xt ∈ −c1(Xt) is a smooth Ka¨hler form on Xt for t ∈ B∗. χ0 = χ|X0 is a Ka¨hler
current on X0 with bounded local potential and it is smooth on RX0 , the nonsingular part
of X0. We can define a real valued (n, n)-form measure Ω on X by
Ω =
(
N∑
j=0
ηj ∧ ηj
)1/m
.
The restriction Ωt = Ω|Xt on each general fibre is a smooth non-degenerate volume
form on Xt for all t ∈ B∗. Ω0 = Ω|X0 is an adapted volume measure on X0. In particular,√−1∂∂ log Ωt = χt.
We now consider the following family of complex Monge-Ampe`re equations on Xt for each
t ∈ B∗
(4.13) (χt +
√−1∂∂ϕt)n = eϕtΩt.
Equation (4.13) admits a unique smooth solution ϕt for all t ∈ B∗ and ωt = χt+
√−1∂∂ϕt
is the unique smooth Ka¨hler-Einstein metric on Xt. We let gt be the Ka¨hler-Einstein
metric associated with ωt.
We will first compare χn and Ω on each Xt.
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Lemma 4.1. There exists C > 0 such that
sup
X
dt ∧ dt ∧ χn
dt ∧ dt ∧ Ω ≤ C.
Proof. We use a trick similarly in [20]. By the choice of {ηj}Nj=0,
√−1dt ∧ dt ∧ Ω
is an adapted volume measure on X . For any point p ∈ X , we can embed an open
neighborhood U of p in X into CN by i : U → CN (for example, we can localize the
embedding by [η0, ..., ηN ]). Then χ|U extends to a smooth Ka¨hler metric on CN and is
quasi-equivalent to the Euclidean metric ωˆ =
√−1∑Ni=1 dzi ∧ dzi. Hence there exists
C1 > 0 such that near i(p)
(C1)
−1χn+1 ≤
∑
1≤i1<i2<...<in+1≤N
(
√−1)n+1
n+1∏
k=1
dzik ∧ dzik ≤ C1χn+1.
Since
√−1dt ∧ dt ∧ Ω is an adapted volume measure on X , for any 1 ≤ i1 ≤ i2 ≤ ... ≤
in+1 ≤ N , there exist smooth nonnegative functions fi1,...,in+1 in U such that
i∗
(
(
√−1)n+1
n+1∏
k=1
dzik ∧ dzik
)
=
√−1fi1,...,in+1dt ∧ dt ∧ Ω.
This implies that there exists C2 > 0 such that
χn+1 ≤ C2
√−1dt ∧ dt ∧ Ω.
The lemma is proved since
√−1dt ∧ dt is bounded above by a multiple of χ.

We immediately can achieve the following uniform upper bound for the potential ϕt.
Corollary 4.1. There exists C > 0 such that for all t ∈ B∗,
sup
Xt
ϕt ≤ C.
Proof. We apply the maximum principle to equation (4.13) on Xt at the maximal point
of ϕt and obtain
sup
Xt
ϕt ≤ sup
Xt
log
(
χnt
Ωt
)
= sup
Xt
log
(√−1dt ∧ dt ∧ χnt√−1dt ∧ dt ∧ Ωt
)
≤ sup
X
log
(√−1dt ∧ dt ∧ χn√−1dt ∧ dt ∧ Ω
)
.
The corollary easily follows from Lemma 4.1.

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The main goal of this section is to achieve a local L∞-estimate for ϕt. We will apply
the semi-stable reduction for π : X → B with following diagram
X ′ X ×B B′ X
B′ B
❅
❅
❅
❅
❅❘
π′
✲Ψ ✲f
′
❄ ❄
π
✲f
such that X ′ is smooth and X ′0 = (π′)−1(0) is a reduced divisor of smooth components
with normal crossings. Let t′ be the holomorphic coordinate on B′ such that t = (t′)d.
The central fibre X ′0 = X˜0 ∪ E , where X˜0 is the strict transform of X0 and E is the
exceptional divisor.
For simplicity, we will use χ for (Ψ′)∗χ on X ′, where
Ψ′ = f ′ ◦Ψ.
By Kodaira’s lemma, there exist an effective Q-Cartier divisor D whose support coincides
with the support of E and a smooth hermitian metric hD equipped on the line bundle
associated to D such that χǫ = χ − ǫRic(hD) is a Ka¨hler form on X ′ for all sufficiently
small ǫ > 0. Let σD be the defining section of D.
By discussion in Section 2, we have
KX ′ = (Ψ
′)∗KX + (d− 1)X˜0 +
K∑
i=1
ciDi,
with ci ≥ 0, where Di are components of the exceptional divisor D. Also Let X˜0 =
∪Aα=1X˜α, where X˜α is the irreducible component of X ′0.
We pick arbitrary α and let
X˜ = X˜α, X˜0 = X˜ ∪ X˜ ′
and work on X˜ instead of X˜0 unless X˜0 is already irreducible. In particular, there exists
a component X in X0 such that
X = Φ′(X˜).
We can write
X˜ ′0 = X˜ ∪ X˜ ′ ∪Ii=1 Ei ∪Jj=1 Fj
from the bundle formula
KX˜ = (Ψ
′)∗KX +
∑
aiEi|X˜ −
∑
j
bjFj |X˜ ,
where ai ≥ 0, 0 < bj ≤ 1, Ei and Fj are smooth irreducible components in (D ∪ X˜ ′). Let
σEi , σFj and σX˜′ be the defining sections for Ei, Fj and X˜
′ respectively and we equip the
corresponding line bundles with smooth hermitian metrics hEi, hFj and hX˜′ .
We will now estimate the lower bound of ϕt. Equation (4.13) can be lifted to X ′t′ =
(Ψ′)−1(t′) for t′ ∈ (B′)∗, given by
(4.14) (χt′ +
√−1∂∂ϕt′)n = eϕt′Ωt′ ,
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where χt′ , Ωt′ and ϕt′ are pullback of χt, Ωt and ϕt by Ψ
′.
Lemma 4.2. For any ǫ > 0, there exists Cǫ > 0 such that for all t
′ ∈ (B′)∗, we have
ϕt′ ≥ ǫ log
(
I,J∏
i=1,j=1
|σEi|2hEi |σFj |
2
hFj
|σX˜′ |2hX˜′
)
− Cǫ
on Xt.
Proof. We define the following smooth closed (1, 1)-form
χt′,ǫ = χt′ − ǫ1
√−1∂∂ logRic(hD)− ǫ2
√−1∂∂
∑
k
log
(
|σX˜′ |2hX˜′
)
+ǫ3
√−1∂∂
(
I∑
i=1
|σEi|2ǫ4hEi +
J∑
j=1
|σFj |2ǫ4hFj + |σX˜ |
2ǫ4
h
X˜
)
,
where ǫ = (ǫ1, ǫ2, ǫ3, ǫ4).
For any sufficiently small ǫ1 > 0 and ǫ4 > 0, we can choose 0 < ǫ3 << ǫ2 << ǫ1 such
that χt′,ǫ is a Ka¨hler metric with conical singularities along smooth divisors Ei, Fj and
X˜ ′ with normal crossings of the same cone angle 2πǫ4.
Let
ϕt′,ǫ = ϕt′ − fǫ,
where
fǫ = ǫ1 log |σD|2hD + ǫ2 log |σX˜′ |2hX˜′ + ǫ3
(
I∑
i=1
|σEi |2ǫ4hEi +
J∑
j=1
|σFj |2ǫ4hFj + |σX˜′ |
2ǫ4
h
X˜′
)
.
Then we have on X ′t′ for t′ ∈ (B′)∗,
(χt′,ǫ +
√−1∂∂ϕt′,ǫ)n = eϕt′,ǫ+fǫΩt′ .
We can now apply the maximum principle to ϕt′,ǫ on each X ′t′ . Suppose ϕt′,ǫ achieves its
minimum at pt′,ǫ in X ′t′ for any given t′ ∈ (B′)∗. Then
inf
X ′
t′
ϕt′,ǫ ≥ inf
X ′
t′
log
(
(χt′,ǫ)
n
efǫΩt′
)
= inf
X ′
t′
log
(
dt′ ∧ dt′ ∧ (χt′,ǫ)n
efǫdt′ ∧ dt′ ∧ Ωt′
)
≥ inf
X ′
log
(
dt′ ∧ dt′ ∧ (χt′,ǫ)n
efǫdt′ ∧ dt′ ∧ Ωt′
)
By the normal crossings of the smooth components in X ′0 from the semi-stable reduction,
we can cover X ′0 by finitely many small coordinate charts {Uβ}Bβ=1 in X ′. We can assume
in Uβ,
t′ = xz1z2...zm, for some m ≤ n,
where x, z1, ..., zn are local holomorphic coordinates.
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We may assume that for some β,
inf
X ′
log
(
dt′ ∧ dt′ ∧ χnt′,ǫ
efǫdt′ ∧ dt′ ∧ Ωt′
)
= inf
Uβ
(
dt′ ∧ dt′ ∧ χnt′,ǫ
efǫdt′ ∧ dt′ ∧ Ωt′
)
.
(1) Suppose X˜ ∩ Uβ 6= φ. We then assume that X˜ = {x = 0} in Uβ and so {zk = 0}
corresponds to one of Ei, Fj and X˜
′. Let
ωβ,ǫ4 =
√−1
(
dx ∧ dx+
m∑
k=1
|zk|−2+2ǫ4dzk ∧ dzk +
n∑
k=m+1
dzk ∧ dzk
)
be the flat conical Ka¨hler metric on Uβ . For each suitable sufficiently small ǫ4,
there exists C1 = C1 > 0,
C−11 ωβ,ǫ4 ≤ χt′,ǫ ≤ C1ωβ,ǫ4,
where ǫ = (ǫ1, ǫ2, ǫ3, ǫ4). Since
dt′ ∧ dt′ =
(
z1...zmdx+
m∑
k=1
xz1...zm
zk
dzk
)
∧
(
z1...zmdx+
m∑
k=1
xz1...zm
zk
dzk
)
,
there exists C2 = C2 > 0 such that√−1dt′ ∧ dt′ ∧ (χt′,ǫ)n ≥ (
√−1)n+1C2|z1z2...zm|2ǫ4dx ∧ dx ∧ dz1 ∧ dz1 ∧ ... ∧ dzn ∧ dzn.
On the other hand, by the observation in Section 2,
√−1dt′∧dt′∧Ωt′ is a smooth
nonnegative real valued (2n+ 2)-form on X ′ and so there exists C3 > 0 such that
(
√−1)n+1dt′ ∧ dt′ ∧ Ωt′ ≤ C3(
√−1)n+1dx ∧ dx ∧ dz1 ∧ dz1 ∧ ... ∧ dzn ∧ dzn.
By combining the above estimates, we have
inf
Uβ
(
dt′ ∧ dt′ ∧ (χt′,ǫ)n
efǫdt′ ∧ dt′ ∧ Ωt′
)
≥ C3 inf
Uβ
|z1...zm|2ǫ4−2ǫ2,
since efǫ vanishes along each zi of order at least 2ǫ2, i = 1, ..., n. As we always
choose 0 < ǫ4 << ǫ2, there exists C4 > 0, such that
inf
Uβ
log
(
dt′ ∧ dt′ ∧ (χt′,ǫ)n
efǫdt′ ∧ dt′ ∧ Ωt′
)
≥ −C4.
(2) Suppose X˜ ∩ Uβ = φ. We let
ωβ,ǫ4 =
√−1
(
|x|−2+2ǫ4dx ∧ dx+
m∑
k=1
|zk|−2+2ǫ4dzk ∧ dzk +
n∑
k=m+1
dzk ∧ dzk
)
be the flat conical Ka¨hler metric on Uβ. For each suitable sufficiently small ǫ,
there exists C5 = C5(ǫ) > 0,
C−15 ωβ,ǫ4 ≤ χt′,ǫ ≤ C5 ωβ,ǫ4.
Then there exist C6 = C6(ǫ) > 0 and C7 = C7(ǫ) > 0 such that
inf
Uβ
(
dt′ ∧ dt′ ∧ (χt′,ǫ)n
efǫdt′ ∧ dt′ ∧ Ωt′
)
≥ C6 inf
Uβ
(|xz1z2...zm|−2ǫ2+2ǫ4) ≥ C7,
for ǫ4 << ǫ2.
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Combining the above estimates, there exists C8 = C8(ǫ) > 0 such that for all t
′ ∈ (B′)∗,
we have
inf
X ′t
ϕt′,ǫ ≥ −C8.
The lemma follows immediately from the relation between ϕt′ and ϕt′,ǫ.

Since we can obtain estimates for ϕt′ near any component of X ′0, Lemma 4.2 immediately
implies the following local estimates for ϕt on X .
Corollary 4.2. Let SX0 be the singular set of X0. Then for any compact subset K ⊂⊂
X \ SX0, there exists CK > 0 such that
(4.15) inf
t∈B∗
inf
K∩Xt
ϕt ≥ −CK .
We will need several versions of the Schwarz lemma and the following lemma is the
first among them.
Lemma 4.3. We define the barrier function FX˜ =
∏I,J
i=1,j=1 |σEi|2hEi |σFj |
2
hFj
|σX˜′ |2hX˜′ on
X ′, given the component X˜ in X ′0. Let ωt′ = χt′ +
√−1∂∂ϕt′ be the Ka¨hler-Einstein
metric on X ′t′ for t′ ∈ (B′)∗. Then for any ǫ > 0, there exists Cǫ > 0 such that for all
t′ ∈ (B′)∗, we have on X ′t′
(4.16) ωt′ ≥ Cǫ
(
FX˜
∣∣
X ′
t′
)ǫ
χt′ .
Proof. Let
H = log
(
FX˜
∣∣
X ′
t′
)ǫ
trωt′ (χt′)− 2Aϕt′
be the smooth function on X ′t′ for t′ ∈ (B′)∗. Since χt′ is the pullback of the Fubini-
Study metric from a projective embedding of X , its curvature is uniformly bounded.
Straightforward calculations show that
∆t′H ≥ Atrωt′ (χt′)− C1,
for sufficiently large A > 0 and some uniform constant C1 > 0 dependent on A. Applying
the maximum principle and the estimate ϕt′ from Lemma 4.2, there exists C2 > 0 such
that for all t′ ∈ (B′)∗,
sup
X ′
t′
H ≤ C2.
The lemma follows immediately from the uniform upper bound for ϕt′ in Corollary 4.1.

Lemma 4.4. For any k > 0 and any compact set K ⊂⊂ X \ SX0, there exists Ck,K > 0
such that for all t ∈ B∗,
||ϕt||Ck(K∩Xt,χt) ≤ Ck,K .
Proof. By Lemma 4.3 and the original complex Monge-Ampe`re equation (4.13) for ϕt,
ωt is uniformly bounded above and below with respect to χt away from the singularities
of X0, where π is also nondegenerate. Then standard Schauder estimates and the linear
estimates after linearizing the Monge-Ampe`re equation (4.13) can be established locally,
which gives uniform higher order regularity for ϕt.

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For any nonsingular point p0 in X0, there exists an open neighborhood U of p0 in X
such that Xt ∩U are all biholomorphic to each other and χt|Xt∩U are all equivalent for all
t ∈ B. We then can pick any sequence tj ∈ B∗ converging to 0. By the uniform estimates
for ϕt, ϕtj converges smoothly to a smooth function ϕ0, on RX0 . Furthermore, ϕ0 satisfies
the following conditions.
(1) There exists C > 0 such that
sup
RX0
ϕ0 ≤ C.
(2) For any p ∈ RX0 , there exists an effective divisor Gp numerically equivalent to
KX0 such that Gp does not vanish at p and Gp contains LCS(X0). For any ǫ > 0,
there exists Cǫ > 0
ϕ0 − ǫ log |σGp |2hΩ0 ≥ −Cǫ,
where hΩ0 = (Ω|X0)−1 is a hermtian metric onKX0 , where χ0 = χ|X0 . This estimate
follows from Lemma 4.2 as ϕt′ is milder by any log poles along the exceptional
divisor and the normal crossings among components of X˜0.
(3) ϕ0 solves the following equation on RX0
(χ0 +
√−1∂∂ϕ0)n = eϕ0Ω0,
By the uniqueness in Lemma 3.7, ϕ0 must coincide with the unique solution constructed
in Lemma 3.6 and Lemma 3.7. Hence we have established the following lemma.
Lemma 4.5. Let ωt = χt +
√−1∂∂ϕt be the Ka¨hler-Einstein metric on Xt, t ∈ B∗ with
(χt +
√−1∂∂ϕt)n = eϕtΩt.
Then ϕt converges to a unique a unique ϕ0 ∈ PSH(X0, χ0)∩C∞(RX0)∩L∞loc(X0\LCS(X0)),
where LCS(X0) is the non-log terminal locus of X0. Furthermore, the following holds.
(1) ω0 = χ0 +
√−1∂∂ϕ0 is Ka¨hler-Einstein current on X0 with
(χ0 +
√−1∂∂ϕ0)n = eϕ0Ω0.
(2) ϕ0 tends to −∞ near LCS(X0).
(3)
∫
RX0
ωn0 = [KXt ]
n, for all t ∈ B.
In particular, ϕ0 coincides with the unique solution in Lemma 3.7.
The following lemma establishes the uniform non-collapsing condition for the Ka¨hler-
Einstein manifolds (Xt, gt), for all t ∈ B∗.
Lemma 4.6. For any nonsingular point p0 ∈ X0, we can pick a smooth section p(t) :
B → X such that p(0) = p0. Then there exists c > 0 such that for all t ∈ B∗,
(4.17) V olgt(Bgt(p(t), 1)) ≥ c,
where Bgt(p(t), 1) is the unit geodesic ball centered at p(t) in (Xt, gt).
Proof. Since p0 is a nonsingular point of X0, there exists r > 0 such that the geodesic
ball Bχ0(p0, r) in (X0, χ0) completely lies in the nonsingular part of X0. Then there exists
c > 0 such that for all t ∈ B,
V olχt(Bχt(p(t), r)) > c.
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By Lemma 4.3, there exists C > 0 such that for all t ∈ B∗,
C−1χt ≤ ωt ≤ Cχt
on Bχt(p(t), r) in (Xt, χt). This implies that
Bχt(p(t), r) ⊂ Bgt(p(t), C1/2r)
and so
V olgt(Bgt(p(t), C
1/2r) ≥ C−nV olχt(Bχt(p(t), r)) ≥ C−nc.
The lemma then immediately follows by the volume comparison theorem.

The proof of Lemma 4.6 also shows that for any given nonsingular point p0 in X0, the
non-collapsing condition holds uniformly for all points near p0.
5. Gromov-Hausdorff convergence and partial C0-estimates
Let π : X → B be a stable degeneration of smooth canonical models as considered in
Section 4. Suppose
X0 =
A⋃
α=1
Xα,
where each Xα is an irreducible component of X0. We pick any A-tuple of nonsingular
points
(p10, p
2
0, ..., p
A
0 ), p
α
0 ∈ Xα ∩RX0 , α = 1, ...,A.
Let (p1tj , p
2
tj
, ..., pAtj ) a sequence of A-tuples of points ∈ Xtj with tj → 0 such that
(p1tj , p
2
tj
, ..., pAtj )→ (p10, p20, ..., pA0 )
with respect to the fixed reference metric χ on X . Let gtj be the corresponding Ka¨hler-
Einstein metric on Xtj . We would like to study the Riemannian geometric convergence
of (Xtj , gtj ) as tj → 0.
Lemma 5.1. Let gt be the unique Ka¨hler-Einstein metric on Xt for t ∈ B∗. After passing
to a subsequence, (Xtj , gtj , (p1tj , ..., pAtj)) converges in pointed Gromov-Hausdorff topology
to a metric length space
(Y, dY) =
B∐
β=1
(Yβ, dβ)
as a disjoint union of metric length spaces (Yβ, dβ), satisfying
(1) Y = RY ∪ SY, where RY and SY are the regular and singular part of Y. RY
is an open Ka¨hler manifold and SY is closed of Hausdorff dimension no greater
than 2n− 4.
(2) gtj converge smoothly to a Ka¨hler-Einstein metric gKE on RY. In particular, gKE
coincides with the unique Ka¨hler-Einstein current constructed in Theorem 1.1 on
X0.
(3) RX0 is an open dense set in (Y, dY) and
RX0 ⊂ RY.
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(4) B ≤ A and
Vol(Y, dY) =
B∑
β=1
Vol(Yβ, dβ) = Vol(Xt, gt)
for all t ∈ B∗.
Proof. By Lemma 4.6, there exists c > 0 and > 0 such that for all α and j,
V olgtj (Bgtj (p
α
tj
, 1) ≥ c.
Then Cheeger-Colding-Tian theory [8] immediately implies that the pointed Gromov-
Hausdorff convergence and (1), (2) hold.
Since gt converges smoothly on the nonsingular part RX0 , RX0 must be contained in
the regular part RY of (Y, dY).
The volume V olgt(Xt) = [KXt ]n is a fixed constant for all t ∈ B, so by the volume
convergence, we have
Vol(Y, dY) ≤ V olgt(Xt) = [KXt ]n
for all t ∈ B∗. On the other hand, gKE extends to the unique Ka¨hler-Einstein current on
X0 and so by Lemma 3.6 and Corollary 3.7,
Vol(Y, dY) ≥
∫
RX0
dVgKE = [KX0 ]
n.
This implies that RX0 must be dense in (Y, dY).
Since RX0 has A disjoint components with total volume equal to the volume of (Y, dY),
there can be at most A disjoint components in (Y, dY).
Therefore we have proved (4) and (5).

The following proposition can be proved by similar arguments in [45, 18] as local L2-
estimates from Tian’s proposal for the partial C0-estimates. We let ht = ((ωt)
n)−1 =
(eϕtΩt)
−1 be the hermitian metric on Xt for t ∈ B∗, where ωt is Ka¨hler-Einstein form
associated to the Kahelr-Einstein metric gt on Xt, Ωt and ϕt are defined in Section 4.
Lemma 5.2. Let p0 be a nonsingular point in X0 and p : B → X be a smooth section
with p(0) = p0. For any R > 0, there exists KR > 0 such that if σ ∈ H0(Xt, mKXt) for
m ≥ 1 with t ∈ B∗, then
(5.18) ‖σ‖L∞,♯(Bgt (p(t),R)) ≤ KR‖σ‖L2,♯(Bgt (p(t),2R))
(5.19) ‖∇σ‖L∞,♯(Bg(t)(p(t),R)) ≤ KR‖σ‖L2,♯(Bgt (p(t),2R)),
where Bgt(p(t), R) is the geodesic ball centered at p(t) with radius R in (Xt, gt), the L2-
norms ||σ||L∞,♯ and ||∇σ||L∞,♯ are defined with respect to the rescaled hermitian metric
(ht)
m and the rescaled Ka¨hler metric mgt.
Proof. For fix R > 0, the Sobolev constant on Bgt(p(t), R) is uniformly bounded because
of the Einstein condition and the uniform noncollapsing condition for unit balls centered
at p(t). The proof follows by well-known argument of Moser’s iteration on balls of relative
scales using cut-off functions (c.f [35]).

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The following L2-estimate is standard for Ka¨hler-Einstein manifolds.
Lemma 5.3. For any integer m ≥ 2, any t ∈ B∗ and any smooth (mKXt)-valued (0, 1)-
form τ satisfying ∂τ = 0, there exists an (mKXt)-valued section u such that ∂u = τ
and ∫
Xt
|u|2(ht)m dVgt ≤
1
2π
∫
Xt
|τ |2(ht)m dVgt.
The following lemma gives a construction for global pluricanonical section on the lim-
iting metric space Y.
Lemma 5.4. Suppose tj ∈ B∗ → 0 and σtj ∈ H0(Xt, mKXt) be a sequence of sections
satisfying ∫
Xtj
|σtj |2(htj )mdVmgtj = 1.
Then after passing to a subsequence, σtj converges to a holomorphic section σ of mKY.
Furthermore, the σ|RX0 extends to a unique σ′ ∈ H0(X0, mKX0) and σ vanishes along
LCS(X0).
Proof. We choose any nonsingular point p0 in X0 and a sequence ptj ∈ Xtj such that
ptj converges to p0 in (X , χ). Then ptj in (Xtj , gtj) also converges in Gromov-Hausdorff
distance to p0 in (Y, dY) due to the smooth convergence of gtj to gKE on RX0 . Since
the L2-norm of σtj with respect to (htj )
m and mgtj is uniformly bounded, for any R > 0,
there exists CR > 0 such that for all j, we have
(5.20) sup
Bgtj
(ptj ,R)
|σtj | ≤ CR, sup
Bgtj
(ptj ,R)
|∇σtj |gtj ≤ CR.
After passing to sequence, σtj converges to a section σ of mKY and it is a holomorphic on
RY ⊃ RX0 . It uniquely extends to the singular set of Y because of the gradient estimate
and the geodesic convexity of RY.
Since σ is a holomorphic section ofmKRX0 , it can be uniquely extended to a pluricanon-
ical section on the normal part of X0. Without loss of generality, we can assume that the
adapted volume measure is given by Ω0 = (
∑N
j=0 ηj ∧ ηj)1/m, where {ηj} gives a global
projective embedding of X0. Let ω0 = χ0 +
√−1∂∂ϕ0 be unique the Ka¨hler-Einstein
current on X0 constructed in Lemma 3.6 and Corollary 3.7, satisfying
(χ0 +
√−1∂∂ϕ0)n = eϕ0Ω0.
By the L2-bound of σ and the upper bound of ϕ0 from Corollary 4.1, there exists C > 0
such that
(5.21)
∫
RX0
|σ|2
(Ω0)m
Ω0 ≤ C
∫
RX0
|σ|2
(Ω0)m
e−mϕ0Ω0 <∞.
We can pullback the above formula on X˜0, a log resolution of X0. The pullback of Ω0
on X˜0 has poles of order 1 along the exceptional divisor over the non-log terminal locus
LCS(X0) of X0. Therefore σ must vanish along LCS(X0) so that the integral (5.21) is
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finite. More precisely, for any point x ∈ LCS(X0), there exists an open neighborhood Ux
of x, such that σ
ηi
is bounded on Ux for some i, and
σ
ηi
∣∣∣∣
Ux∩LCS(X0)
= 0.
As a consequence, σ can be uniquely extended globally to σ′ on X0.

The following is the local version of the partial C0-estimate.
Lemma 5.5. Let p0 ∈ RX0 and p : B → X be a smooth section with p(0) = p0. For any
R > 0, there exist m ∈ Z+ and c > 0 such that for any t ∈ B∗ and q ∈ Bgt(p(t), R), there
exists σt ∈ H0(X0, mKXt) satisfying
(5.22) |σt|2(ht)m(q) ≥ c,
∫
Xt
|σt|2(ht)mdVmgt = 1.
Proof. The proof of the global partial C0-estimate in [18] can be directly applied here
in the local case with the estimates in Lemma 5.2 and Lemma 5.4 because the singular
set of all iterated tangent cones of the Gromov-Hausdorff limit (Y, dY) is closed and has
Hausdorff dimension less than 2n− 2.

Let hY be the hermitian metric on KY as the extension of ((ωY)
n)−1 from RY, where
ωY is the Ka¨hler-Einstein form on RY. We now pass the partial C0-estimate in Lemma
5.5 to the limiting space Y.
Corollary 5.1. For any p0 ∈ RY and any R > 0, there exist m ∈ Z+ and c, C > 0 such
that for any q ∈ BdY(q, R), there exists σ ∈ H0(Y, mKY) satisfying
(5.23) |σ|2(hY)m(q) ≥ c,
∫
Y
|σ|2(hY)mdVdY = 1.
We remark that such σ has uniformly bounded gradient estimate and it can also be
extended to a global pluricanonical section on X0. There are many generalizations and
variations of Lemma 5.5 and Corollary 5.1. For example, if p is a regular point in Y, then
there exist global pluricanonical sections σ0, ..., σn such that near p, σ0 is nonzero and
σ1
σ0
, ...,
σn
σ0
can be used as holomorphic local coordinates near p. The proof of Theorem 5.21 and
Corollary 5.1 is also used to construct peak sections to separate distinct points on Y.
6. Distance estimates
In this section, our goal is to estimate the distance from a singular point of X0 to a
given nonsingular point of X0. We will establish a principle for geometric complex Monge-
Ampe`re equations of our interest that boundedness of local potentials is equivalent to
boundedness of distance.
First, we want to show that the regular part of the Gromov-Hausdorff limit coincides
with the nonsingular part of X0.
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Lemma 6.1. Let RY be the regular part of the metric space (Y, dY) and RX0 be the
nonsingular part of the projective variety of X0. Then
RY = RX0
and they are biholomorphic to each other.
Proof. Obviously,
RY ⊃ RX0
from Lemma 5.1 and it suffices to show the other direction.
We prove by contradiction. Suppose q ∈ RY \ RX0 in (Y, dY). Since RX0 is dense in
Y, there exist a sequence of points qj ∈ RX0 such that qj → q with respect to dY in Y.
We can assume after passing to a subsequence that qj converges to q
′ ∈ X0 with respect
to χ0 in X0.
Since q is a regular point in (Y, dY), there exists r > 0 such that BdY(q, r) is a smooth
open domain in the Euclidean space Cn, and dY induces a smooth Ka¨hler metric on
BdY(q, r). Furthermore, there exist ti → 0 and xi ∈ Xti such that, Bgti (xi, r) ⊂ Xti
converges smoothly to BdY(q, r). By the partial C
0-estimates for regular points, there
exist global sections σ0, σ1, ..., σn of H
0(Y, mKY) for some sufficiently large m ∈ Z+ such
that after making r sufficiently small, σ0 does not vanish on BdY(q, r) and
σ1
σ0
, ...,
σn
σ0
are holomorphic local coordinates on BdY(q, r). In particular, the L
2-norm of each σk is
bounded with respect to hY and dY. Therefore we have a biholomrphism
(6.24) F : BdY(q, r)→ V ∈ Cn
by letting F =
(
σ1
σ0
, ..., σn
σ0
)
.
Also each σk can be uniquely extended to a pluricanonical section on X0, for k =
0, 1, ...n. We write it as σ′k. As before, we can assume that the adapted volume measure
Ω0 =
(∑N
l=0 ηl ∧ ηl
)1/m
, where {ηl}Nl=0 gives a global projective embedding of X0. We will
discuss in the following two cases.
(1) Suppose q′ ∈ LCS(X0). The Ka¨hler-Einstein volume form on BdY(q, r) is given by
|σ0|2/meϕV ,
where ϕV is a smooth bounded plurisubharmonic function on BdY(q, r). Therefore
on RX0 ∩ BdY(q, r), we have
|σ0|2/m =
(
N∑
l=0
ηl ∧ ηl
)1/m
eϕ0−ϕV ,
where ϕ0 satisfies the Monge-Ampe`re equation
(χ0 +
√−1∂∂ϕ0)n = eϕ0Ω0.
DEGENERATION OF KA¨HLER-EINSTEIN MANIFOLDS OF NEGATIVE SCALAR CURVATURE 29
Suppose η0 generates mKX0 at q
′. Then
f =
σ′0
η0
is a meromorphic function on X0, where σ′k is the unique extension of σk from
RX0 to X0 for k = 0, 1, ..., n. f is a holomorphic function in a neighborhood Uq′
in X0 and f(q′) = 0 since σ′0 vanishes at q′. We can replace Uq′ by a smooth
neighborhood U˜q′ after a log resolution of X0. Then the pullback of f on Uq′
vanishes along a divisor E (containing the exceptional divisor over LCS(X0)) and
so it must vanish to order of at least 1. On the other hand, after pulling back ϕ0
to U˜q′, for any ǫ > 0 there exists Cǫ > 0 such that at each pre-image of qj in U˜q′ ,
|f |2 ≥ eϕ0−ϕV ≥ Cǫ|f |2ǫ
because ϕ0 is bounded below any log poles along the exceptional divisor over
LCS(X0) and ϕV is uniformly bounded at qj . Then we have
lim inf
j→∞
|f |(qj) > 0.
This contradicts the fact that f(q′) = 0.
(2) q′ /∈ LCS(X0). Without loss of generality, we can assume that there exists C > 0
such that for any x ∈ BdY(q, r) ∩ RX0 ,
dχ(x,LCS(X0)) > C.
Otherwise, there exist a sequence of xj ∈ BdY(q, r) ∩ RX0 such that xj converges
to some x′ ∈ LCS(X0) in (X0, χ0). This can be reduced to the previous case.
Immediately, we can show the extension σ′0 on X0 from σ0 does not vanish near
q′ because |σ′0|2/meϕV = Ω0eϕ0 and since ϕV(qj) and ϕ0(qj) are both uniformly
bounded for all j. Since
σk(qj)
σ0(qj)
=
σ′k(qj)
σ′0(qj)
converges to σk(q)
σ0(q)
,
σ′k(q
′)
σ′0(q
′)
= σk(q)
σ0(q)
. Therefore
we also obtain a holomorphic map
F ′ =
(
σ′1
σ′0
, ...,
σ′n
σ′0
)
: X0 \ {σ′0 = 0} → Cn, F ′(q′) = F (q).
Let U = (F ′)−1(V), where V is given by (6.24). Then U is an open set in X0 and
q′ ∈ U .
Since the nonsingular part of X0 is open and dense inY, there exists a subvariety
D of V such that
F ′|(F ′)−1(V\D) : (F ′)−1(V \D)→ V \D
is biholomorphic.
Recall {η0, ..., ηN} gives a projective embedding of X0. There exists a sufficiently
small open neighborhood Uq′ of q
′ in X0 such that
γ =
(
η1
σ′0
, ...,
ηN
σ′0
)
: Uq′ → CN
is a local affine embedding, where we assume η0 does not vanish on Uq′ (we can
always shrink Uq′). We can also assume F
′(Uq′) ⊂ V by continuity of F ′ since
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σ′0(q
′) 6= 0 and F ′(q′) ∈ V. We now consider the map F ′′ defined by
F ′′ =
(
σ′1
σ′0
, ...,
σ′n
σ′0
,
η1
σ′0
, ...,
ηN
σ′0
)
: Uq′ → Cn × CN .
Clearly, F ′′ is also an affine embedding of Uq′. We identify
ηi
σ′0
on (F ′)−1(V \ D)
and ηi
σ′0
◦ (F ′−1) on V \D. Each ηi
σ′0
is a holomorphic function on V \D and
sup
V\D
(∑N
i=0 ηi ∧ ηi
)1/m
|σ′0|2/m
= sup
V\D
eϕ0−ϕV <∞
Therefore each ηi
σ′0
is uniformly bounded on V and it extends to a holomorphic
function in V. In particular, each ηi
σ′0
is a holomorphic function in
(
σ′1
σ′0
, ..., σ
′
n
σ′0
)
on V for i = 0, 1, ..., N . So F ′′ is an isomorphism between Uq′ and F ′(Uq′). But
F ′(Uq′) lies in the graph of V of
(
η1
σ′0
, ..., ηN
σ′0
)
in Cn × CN and so F ′(Uq′) must be
nonsingular. Contradiction.

Corollary 6.1. Let A be the number of the component of X0 and B the number of the
components of Y. Then
A = B.
Proof. Let p and p′ be two nonsingular points in distinct components X and X ′ of X0.
Then there exists a smooth minimal geodesic γ joining p and p′ in (Y, dY) by the geodesic
convexity result in [15], and γ lies entirely in RY = RX0 . The corollary is proved because
RX0 ∩ (X ∪X ′) is not connected.

We now prove another version of Schwarz lemma with suitable barriers.
Lemma 6.2. Let ω0 = χ0+
√−1∂∂ϕ0 be the unique Ka¨hler-Einstein current on X0. For
any compact set K ⊂⊂ X0 \ LCS(X0), there exists c = c(K) > 0 such that
ω0 ≥ cχ0
on K ∩RX0 .
Proof. Since X0 is a semi-log canonical model, by Lemma 3.1, for any p ∈ X0 \ LCS(X0),
there exists an effective Q-divisor Gp numerically equivalent to KX0 such that p does not
lie in Gp and the support of LCS(X0) is contained in the support of Gp. Let σGp be the
defining divisor ofGp and hΩ0 be the hermitian metric onGp so thatRic(hΩ0) = χ0 = χ|X0 .
By similar argument in Lemma 3.1, we can also find an effective Q-divisor F numerically
equivalent to KX0 such that the support of the singular set SX0 of X0 is contained in the
support of F . Let σF be the defining divisor of F .
Let ω0 = χ0+
√−1∂∂ϕ0 be the unique Ka¨hler-Einstein current on X0. By Lemma 3.6,
there exists C1 > 0 and for any ǫ > 0, there exists C2 = C2(ǫ) > 0 such that
−C2 + ǫ log |σGp|2hΩ0 ≤ ϕ0 ≤ C1.
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We now define
Hǫ,ǫ′ = log trω0(χ0)− 3Aϕ0 + ǫ log |σGp |2hΩ0 + ǫ
′ log |σF |2hΩ0 .
By Lemma 4.3, for any sufficiently small ǫ′ > 0, we have
sup
RX0
|σF |2ǫ′hΩ0 trω0(χ0) <∞
and |σF |2ǫ′hΩ0 trω0(χ0) tends −∞ near the support F .
Straightforward calculations show that on the nonsingular part of X0, for a fixed suffi-
ciently large A > 0, there exists C3 > 0 such that for all sufficiently small ǫ, ǫ
′ > 0,
∆ω0Hǫ,ǫ′ ≥ Atrω0(χ0)− C3.
We can apply the maximum principle for Hǫ,ǫ′ at its maximal point, which must lie in the
nonsingular part of X0. By the estimate for ϕ0, there exists C4 = C4(ǫ) > 0 such that
Hǫ,ǫ′ ≤ C4
and so on RX0 , there exists C5 = C5(ǫ) > 0 such that
trω0(χ0) ≤ |σGp|−2ǫhΩ0 |σF |
−2ǫ′
hΩ0
eC4+3Aϕ0 ≤ C5|σGp|−2ǫhΩ0 |σF |
−2ǫ′
hΩ0
.
Since the constant C5 does not depend on ǫ
′, the lemma is proved by letting ǫ′ → 0.

Lemma 6.3. Let X be a component of X0 and p ∈ X∩RX0 . For any K ⊂⊂ X0\LCS(X0),
there exists CK > 0 such that for any q ∈ X ∩ RX0 ∩K,
(6.25) dY(p, q) ≤ CK .
Proof. We prove by contradiction. Suppose there exist a sequence of points qj ∈ X ∩
RX0 ∩K such that
dY(qj , p)→∞.
We can assume that qj → q in (X0, χ0), where q must be a singular point in X0 away
from LCS(X0).
Then there exists r0 > 0 such that for all j, Bχ0(qj , r0), the geodesic ball in (X0, χ0)
centered at qj with radius r0, lies outside an open neighborhood U of LCS(X0) in (X0, χ0)
since q is away from LCS(X0). By Lemma 6.2 and geodesic convexity of RY = RX0 in
(Y, dY), there exists r
′
0 > 0 such that for all j,
BdY(qj , 2r
′
0) ∩RY ⊂ Bχ(qj , r0)
and so
BdY(qj , 2r
′
0) ∩ (U ∩ RX0) = φ.
Since the total volume of (Y, dY) is bounded and dY(qj, p)→∞,
ǫj = Vol(BdY(qj, 2r
′
0), dY)→ 0.
Now we construct the auxiliary smooth function 1 ≤ Fj ≤ Aj on X0 such that
Fj = 1, on X0 \ (BdY(qj , 2r′0) ∩RX0)
and
Fj = Aj , on BdY(qj , r
′
0) ∩RX0 .
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Then we calculate the L1+δ-norm of Fj on X0 for some fixed small δ > 0. Let ω0 be the
unique Ka¨hler-Einstein current on X0 with ωn0 = eϕ0Ω0. There exists C1 > 0 such that
for all j, ∫
X0\U
F 1+δj Ω0
≤
∫
X0\(U∪(BdY (qj ,2r
′
0)∩RX0 ))
Ω0 + A
1+δ
j e
supBdY
(q,2r′
0
)∩RX0
|ϕ0|
∫
BdY (qj ,2r
′
0)
dVdY
≤ C1 + C1A1+δj ǫj
We choose
Aj = (ǫj)
− 1
1+δ →∞
and so ∫
X0\U
(Fj)
1+δΩ ≤ 2C1
for some fixed δ > 0 and for all j.
Now we consider the family of complex Monge-Ampe`re equations on X0
(6.26) (χ0 +
√−1∂∂φj)n = eφjFjΩ0.
By Lemma 3.8, there exists a solution φj solving (6.26). Furthermore, φj ∈ C∞(RX0)
and for any K ⊂⊂ X0 \ U , there exists C2 > 0 such that for all j,
sup
BdY (qj ,r
′
0)∩RX0
|φj| ≤ C2.
From equation (6.26), χ0 +
√−1∂∂φj is Ka¨hler-Einstein on BdY(qj , r′0) ∩RX0 .
We will now prove a local Schwarz lemma. Let ωj = χ0 +
√−1∂∂φj and let ω0 =
χ0 +
√−1∂∂ϕ0 be unique Ka¨hler-Einstein current on X0. Let
r(x) = dY(x, p)
be the distance function from x to p in (Y, dY). By the geodesic convexity result in [15],
for any x ∈ RX0 ∩X , there exists a smooth geodesic γ joining p and x, and γ lies entirely
in RX0 . In particular, r(x) is smooth on RX0 ∩X except at cut-locus points on smooth
minimal geodesics.
We pick an effective divisor F similarly as in Lemma 6.3 such that F is numerically
equivalent to KX0 and it contains the singular locus SX0 of X0. We consider the quantity
Hj,ε = log
(
ψ
ωnj
ωn0
)
− ε(ϕ0 − γ log |σF |2hΩ0 ),
where ψ = φ(r(x)) is chosen with a smooth cut-off function φ satisfing
φ(r) = 1, if r ≤ r′0, φ(r) = 0, if r ≥ 2r′0
and
φ ≥ 0, 0 ≤ φ−2+ 1n (φ′)2 ≤ C, φ−1+ 1n |φ′′| ≤ C3
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for some fixed constant C3 > 0. Since ϕ0 is milder than any log pole singularities,
ϕ0 − γ log |σD|2hD is uniformly bounded below after fixing γ > 0. Immediately, we can
conclude that
sup
X0
Hj,ε <∞
and Hj,ε tends to −∞ near Gp. Suppose the maximum of Hj,ǫ is achieved at q′. Then
q′ ∈ (RX0 \ Supp(Gp)) ∩ Supp(ψ).
If q′ is not a cut-point of p, then Hj,ε is smooth near q
′ and there exists C4 > 0 such
that
∆ω0Hj,ε ≥ trω0(ωj) + ε(1− γ)trω0(χ0)− n− nε−
(
ψ−2|∇ψ|2ω0 − ψ−1∆ω0ψ
)
≥
(
(ωj)
n
(ω0)n
)1/n
− C4 − C4ψ−1/n.
Therefore at the maximum point q′ of Hj,ε, ψ
(
(ωj)n
(ω0)n
)
≤ (2C4)n and so there exists C5 > 0
such that for all j and 0 < ε < 1,
Hj,ε ≤ C5.
If q is a cut-point of p, one can use the following trick of Calabi (c.f. [14]). Let γ be a
smooth minimizing geodesic joining p and q with γ(0) = p, γ(r(q)) = q. Let pδ = γ(δ) for
sufficiently small δ > 0. Obviously q is not a cut-point of pδ. Let rδ(x) be the distance
function from x to pǫ and ψδ(x) = φ(rδ(x) + δ). Since rδ(x) + δ = rδ(x) + rδ(p) ≥ rp(x),
ψǫ(x) ≤ ψ(x) and ψδ(q) = ψ(q). One now can apply the maximum principle to
Hj,ǫ,δ = log
(
ψδ
(ωj)
n
(ω0)n
)
− ǫ(ϕ0 − γ log |σF |2hΩ0 )
since the maximum of Hǫ,δ is also achieved at q. We obtain the same estimate as in the
non cut-locus case.
Finally we let ǫ→ 0. Then there exists C6 > 0 such that for all j, we have
sup
BdY (qj ,r
′
0)∩RX0
(ωj)
n
(ω0)n
≤ C6.
But from the equations for ϕ0 and ϕj , we have
sup
BdY (qj ,r
′
0)∩RX0
(
(ωj)
n
(ω0)n
)
= sup
BdY (qj ,r
′
0)∩RX0
Fje
φj−ϕ0 = Aj sup
BdY (qj ,r
′
0)∩RX0
eφj−ϕ0 →∞
as ϕ0 and φj are uniformly bounded on BdY(qj , 1) ∩RX0 . Contradiction.

Lemma 6.4. For any qj ∈ RX0 converging to some q ∈ LCS(X0) in (X0, χ0), we have
(6.27) lim
j→∞
dY(p, qj) =∞.
Proof. We prove by contradiction. Suppose there exist a sequence of points qj ∈ RX0 →
q ∈ LCS(X0) with respect to χ0 and dY(qj , p) ≤ D for some fixed D > 0. We let
q′ = limj→∞ qj with respect to dY. Then using the partial C
0-estimate in Corollary 5.1,
there exists a global L2-section σ on Y such that σ is a global section of mKY for some m
and σ does not vanish near q′. In particular, |σ|2hY is bounded above and below away from
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0 near q′ in Y, where hY is the hermitian metric on KY induced from the Ka¨hler-Einstein
volume form on RY. Hence we can write hY = e−ψ for some bounded plurisubharmonic
function near q′ becauseY is an analytic normal space and −√−1∂∂ log |σ|2hY =
√−1∂∂ψ
is the Ka¨hler-Einstein metric.
On the other hand, Ω0 =
(∑N
i=0 ηi ∧ ηi
)1/m
and the Ka¨hler-Einstein volume form is
given by eϕ0Ω0. Each ηi is a holomorphic section of mKY near q
′ on the regular part of
Y. Since Y is normal near q′ by the result of [19] as a local version of [18], ηi extends to
a holomorphic section over q′ and therefore near q′. Compare the two volume measures,
there exists C > 0 such that near q′ in (Y, dY),
ϕ0 = ψ +
1
m
log
(
|σ|2∑N
i=0(ηi ∧ ηi)
)
≥ −C.
On the other hand, ϕ0(qj)→ −∞. Contradiction.

Corollary 6.2. For any p ∈ RY and any R ≥ 1, there exists C = C(p, R) > 0 such that
(6.28) sup
BdY (p,R)∩RX0
|ϕ0| ≤ C.
Proof. We prove by contradiction. Suppose there exist a sequence of points qj ∈ BdY(p, R)∩
RX0 ⊂ Y such that ϕ0(qj) → −∞ as j → ∞. Then after passing to a subsequence, we
can assume that qj converges to q
′ ∈ LCS(X0) in (X0, χ0) and qj converges to some
q ∈ BdY(p0, 2R) in (Y, dY). This leads to contradiction because dY(p, qj) → ∞ from
Lemma 6.4.

In conclusion, in each component of (Y, dY), the local boundedness of the Ka¨hler-
Einstein potential is equivalent to the boundedness of distance in a uniform way.
7. Proof of Theorem 1.2
In this section, we will complete the proof of Theorem 1.2. We first derive a geometric
Schwarz lemma.
Lemma 7.1. For any p ∈ RX0 and any R ≥ 1, there exists C = C(R) > 0 such that
(7.29) ω0 ≥ C χ0,
on BdY(p, R) ∩RY.
Proof. We let r(x) be the distance function from x ∈ Y to p in (Y, dY). We choose the
smooth cut-off function ψ = φ(r(x)) satisfying
φ(r) = 1, if r ≤ R, φ(r) = 0, if r ≥ 2R.
Furthermore, we can assume that
φ ≥ 0, 0 ≤ φ−1(φ′)2 ≤ CR−2, |φ′′| ≤ CR−2.
We consider the quantity trg0(χ0) on RY = RX0 . Then straightforward calculations
show that there exists K > 0 such that on RX0 , we have
∆ω0 log trω0(χ0) ≥ −K(trω0(χ0))−K.
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Now we choose the same effective divisor F as in the proof of Lemma 6.3 such that F
is numerically equivalent to KX0 and it contains the singular locus SX0 of X0. Let σF be
the defining function of F . Then we consider the following quantity
Hǫ = log (ψtrω0(χ0))− Aϕ0 + ǫ log |σF |2hΩ0 .
There exists C1 > 0 such that
∆ω0Hǫ
= ∆ω0(log trω0(χ0)− Aϕ0)− ǫtrω0(χ0)−
(
ψ−2|∇ψ|2 − ψ−1∆gtψ
)
≥ trω0(χ0)−An− C1ψ−1,
by fixing a sufficiently large A. Hǫ is smooth on RX0 \F and by Lemma 4.3, Hǫ tends to
−∞ near F for any fixed ǫ > 0. If Hǫ achieves its positive maximum at z0 in the interior
of BdY(p, 2R), then there exists C2 > 0 such that
Hǫ(z0) ≤ C2 sup
BY(p,R)∩(RX0\F)
|ϕ0|
Since supBY(p,R)∩(RX0\F)
|ϕ0| is uniformly bounded by Corollary 6.2, there exists C3 > 0
such that
sup
BY(p,R)∩(RX0\F)
trω0(χ0) ≤ C3.
This proves the estimate (7.29).

Corollary 7.1. There exists a unique map
Φ : (Y, dY)→ (X0, χ)
extending the identity map from RY and RX0 . Furthermore, Φ is a Lipschitz map and
Φ(Y) = X0 \ LCS(X0).
Proof. For any point p in RY and for any R > 0, by Lemma 7.1, there exists CR > 0
such that
ω0 ≥ CR χ0
on BdY(p, R) ∩ RX0 . The geodesic convexity of RX0 in Y implies that the identity map
uniquely extends fromRY toY and Φ is locally Lipschitz. Therefore any Cauchy sequence
of points in (Y, dY) must also be a Cauchy sequence in (X0, χ0). The last statement of
the corollary follows from the distance estimate in Lemma 6.3 and Lemma 6.4.

Lemma 7.2. Φ is injective.
Proof. For any two distinct points q1, q2 ∈ Y, the partial C0-estimates in Corollary 5.1
allow us to construct two holomophic sections of mKY on Y for some sufficiently large
m such that
|σ1(q1)|2(hY)m ≥ 2|σ2|2(hY)m(q1) 6= 0, |σ2(q2)|2(hY)m ≥ 2|σ1|2(hY)m(q2) 6= 0
and ∫
Y
|σi|2(hY)mdVdY <∞, i = 1, 2.
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Both σ1 and σ2 extend uniquely to pluricanonical sections σ
′
1 and σ
′
2 on X0. Then we
consider the meromorphic function
f =
σ2
σ1
on Y, f ′ =
σ′2
σ′1
on X0.
Then f = Φ∗(f ′) = f ′(Φ). f and f ′ are holomorphic near q1, q2 and Φ(q1), Φ(q2)
respectively and
f(q1) ≤ 1/2, f(q2) ≥ 2,
Therefore f ′(Φ(q1)) 6= f ′(Φ(q2)) and so
Φ(q1) 6= Φ(q2).

Corollary 7.2. Y is homeomorphic to X0 \ LCS(X0).
Proof. It suffices to show that Φ−1 : X0 \ LCS(X0) → Y is continuous. Let {xj}∞j=1 a
sequence of points in a fixed component of X0\LCS(X0) such that xj → x∞ ∈ X0\LCS(X0)
with respect to χ0. By Lemma 6.3, there exists a base point p ∈ RY and C > 0 such
that for all j,
dY(p, xj) ≤ C.
Let yjl be any convergent subsequence of yj = Φ
−1(xj) in (Y, dY) and let y∞ be the limit
point. Then by continuity of Φ, we have
x∞ = lim
lj→∞
xlj = lim
lj→∞
Φ(ylj ) = Φ(y∞).
Therefore y∞ is uniquely determined and y∞ = Φ
−1(x∞).

We have now completed the proof of Theorem 1.2 by combining all the previous results
we obtained. Theorem 1.3 immediately follows from Theorem 1.2 by using the algebraic
result of Hacon and Xu [23].
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